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A set X; with a coloring D: X ! Zm; is zero-sum if
P
x2XDðxÞ ¼ 0: Let f ðm; rÞ
(let fzsðm; 2rÞ) be the least N such that for every coloring of 1; . . . ;N with r colors
(with elements from r disjoint copies of Zm) there exist monochromatic (zero-sum)
m-element subsets B1 and B2; not necessarily the same color, such that (a)
maxðB1Þ minðB1Þ4maxðB2Þ minðB2Þ; and (b) maxðB1Þ5minðB2Þ: We show
that fzsðm; 4Þ ¼ f ðm; 4Þ: # 2002 Elsevier Science (USA)
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Let m; r and k be positive integers. For ﬁnite subsets X ;Y  Z; the
diameter of X ; denoted by diamðXÞ; is deﬁned as maxðXÞ minðXÞ:
Moreover, we say that X5pY if maxðXÞ5minðYÞ: Let G be a ﬁnite abelian
group. A set X ; with a coloring D : X ! G; is called zero-sum if Px2X
DðxÞ ¼ 0: Deﬁne f ðm; rÞ to be (deﬁne fzsðm; 2kþ sÞ; where s ¼ 0 or 1; to be)
the least integer N such that for every coloring of ½1;N
 ¼ f1; . . . ;Ng with r
colors (with the elements from the disjoint union of k labeled copies of the
cyclic group of residues modulo m; denoted Z1m [8    [8 Zkm; and if s ¼ 1; by
an additional color class 1), there exist m-element subsets B1;B2  ½1;N

such that: (a) Bi is monochromatic, for i ¼ 1; 2 (Bi is either zero-sum in Zjm
for some j 2 ½1; k
 or else monochromatic in 1; for i ¼ 1; 2); (b) B15pB2;
and (c) diamðB1Þ4diamðB2Þ: Any pair of m-element subsets B1 and B2
which satisfy (a)2(c) will be called a solution to f ðm; rÞ (will be called a
solution to fzsðm; rÞ). It is easily shown that f ðm; rÞ4fzsðm; rÞ: The function
f ðm; rÞ is a variation on ascending waves, which were examined by Alon and
Spencer [1], Bialostocki et al. [2], and Brown et al. [5].1The research for paper was done partially during the 2000 REU Program held at the
niversity of Idaho under NSF Grant DMS9820520, and partially at Bates College, Lewiston,
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NONDECREASING DIAMETER SETS 45The motivation for our paper is the classical Erd +os2Ginzburg2Ziv
Theorem, which naturally extends the pigeonhole principle to zero-sums,
usually applied with k ¼ m [8, l7].
Erd +os2Ginzburg2ZivTheorem. Let m be a positive integer, and let k
be a positive divisor of m: If X is a set with jX j5mþ k 1; then for every
coloring D : X ! Zm; there exists an m-element subset Y  X such that
P
y2Y
DðyÞ  0 modðkÞ:
The above result, which we will reference by EGZ, has created the
developing area of Zero-Sum Ramsey Theory. A survey of results can be
found in [7], and examples of a variety of speciﬁc zero-sum Ramsey
problems can be found in [6, 9, 16]. One of the main reasons for interest in
this area is the question of determining which theorems generalize in the
sense of the Erd +os2Ginzburg2Ziv Theorem, i.e. determining when you
cannot avoid zero-sum structures any better than by the use of only two
distinct residue classes. It was conjectured by Bialostocki et al. [3] that the
function fzsðm; rÞ was one such problem that would generalize in the sense of
the Erd +os2Ginzburg2Ziv Theorem for an arbitrary number of colors, i.e.
that
fzsðm; rÞ ¼ f ðm; rÞ for all r52:
They were able to determine that fzsðm; 2Þ ¼ f ðm; 2Þ ¼ 5m 3; that
fzsðm; 3Þ ¼ f ðm; 3Þ ¼ 9m 7; and that 12m 94f ðm; 4Þ413m 11; as well
as give general bounds. Bolob!as et al. [4] improved these bounds in the
monochromatic case when m ¼ 2: The paper of Bialostocki, Erd +os, and
Lefmann is one of the few examples of a problem which is known to
generalize in the sense of the Erd +os2Ginzburg2Ziv Theorem for more than
two colors.
Using tools from Additive Number Theory, which include Kneser’s
Theorem [13,14], and a recent theorem of Grynkiewicz [11], we afﬁrm the
next case in the conjecture of Bialostocki, Erd +os, and Lefmann by showing
that fzsðm; 4Þ4f ðm; 4Þ; and hence equality holds as the other direction is
trivial. The exact value of f ðm; 4Þ; and thus of fzsðm; 4Þ; is determined in a
separate paper of Grynkiewicz [12] to be 12m 9:
2. PRELIMINARIES
Let ðG;þ; 0Þ be a ﬁnite abelian group of order m: If A;B  G; then their
sumset, Aþ B; is the set of all possible pairwise sums, i.e. faþ b j a 2 A;
b 2 Bg: A set A  G is periodic with index x; or Hx-periodic, if it is the union
DAVID J. GRYNKIEWICZ46of Hx-cosets for some nontrivial subgroup Hx of G with index x; otherwise,
A is called aperiodic. Furthermore, if a1; . . . ; as is a sequence S of elements
from G; then an n-set partition of S is a collection of n nonempty
subsequences of S; pairwise disjoint as sequences, such that every term of S
belongs to exactly one of the subsequences, and the terms in each
subsequence are all distinct. Thus, such subsequences can be considered as
sets. Let gcdða; bÞ denote the greatest common divisor of a and b: Finally,
jSj denotes the cardinality of S; if S is a set, and the length of S; if S is a
sequence. We will need the following theorem of Kneser [13, 14].
Kneser’sTheorem. Let G be a finite abelian group. If A1;A2; . . . ;An is a
nonempty collection of subsets of G such that
Xn
i¼1
Ai

5min jGj;X
n
i¼1
jAij  nþ 1
( )
;
then
Pn
i¼1 Ai is Hk-periodic with index k=1:
We will also need the following theorem of Grynkiewicz [11].
Theorem 1. Let n be a positive integer, and let a1; . . . ; as be a sequence S
of elements from a finite abelian group G of order m; such that jSj5n and
every element of S appears at most n times in S: Furthermore, let h be the
smallest prime divisor of m: Then either:
ðiÞ there exists an n-set partition A1;A2; . . . ;An of S such that
Xn
i¼1
Ai

5minfm; ðnþ 1Þh; jSj  nþ 1g or
ðiiÞ ðaÞ there exists a 2 G and nontrivial proper Ha4G; with ½G : Ha
 ¼
a; such that all but at most a 2 terms of S are from the coset aþHa; and ðbÞ
there exists an n-set partition, A1;A2; . . . ;An; of the subsequence of S
consisting of terms from aþHa; such that
Xn
i¼1
Ai ¼ naþHa:
The following two lemmas will be used in the proof to establish the
existence of either large or small diameter zero-sum m-element subsets.
Lemma 1. Let r be a nonnegative integer, and let A and B be
disjoint subsets of the integers with a coloring D : ðA [ BÞ ! Zm:
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maxðAÞ  1; minðAÞ maxðBÞ  1g5r; then either there exists:
ðiÞ a zero-sum m-element subset, C  A [ B; with diamðCÞ5mþ r 1;
or
ðiiÞ a zero-sum m-element subset C  B; with diamðBÞ5diamðCÞ5jAj þ
jBj m:
Proof. From EGZ it follows that there exists a zero-sum m-element
subset C  A [ B: If C \ A=| and C \ B=|; then (i) follows. Otherwise,
any 2m 1 jAj elements of B contain a zero-sum m-element subset.
Hence, it follows that the subset consisting of the ﬁrst m 1 and the last
m jAj elements of B contains a zero-sum m-element subset C whose
diameter is at least m 1þ ðjBj  ðm jAjÞ  ðm 1ÞÞ ¼ jAj þ jBj m;
and trivially, since C  B; at most diamðBÞ: ]
Lemma 2. Let r and m52 be nonnegative integers, let A be a subset of the
integers with a coloring D : A ! Zm; and let g ¼ j½minðAÞ;maxðAÞ
=Aj: If
jAj52mþ gþ r; then either there exist(s):
ðiÞ a zero-sum m-element set D  A with diamðDÞ5mþ r; or
ðiiÞ zero-sum m-element sets D1;D2  A with D15pD2 and diamðD1Þ4
diamðD2Þ:
Proof. Let P consist of the ﬁrst m integers from A; let ½minðAÞ;mþ aþ
minðAÞ  1
 be the least diameter subinterval containing P; and, since
jAj52mþ gþ r; let Q be an m-element subset, that includes the max and
min element, of A \ ½mþ aþminðAÞ þ r;maxðAÞ
: From EGZ it follows
that there exist zero-sum m-element subsets D1  P [ ðQ=fminðQÞgÞ and
D2  Q [ ðP=fmaxðPÞgÞ: If D1 \ P=| and D1 \ ðQ=fminðQÞgÞ=|; then (i)
follows. Otherwise, D1  P with diamðD1Þ ¼ mþ a 1: By the same
reasoning applied to D2; it follows that if (i) does not hold then D2  Q
with diamðD2Þ5ð2mþ gþ rÞ m r 1 ¼ mþ g 1: Since from their
deﬁnitions a4g; it follows that the sets D1 and D2 satisfy (ii). ]
3. THE REDUCTION LEMMA
Let D : X ! C be a coloring of a ﬁnite set X by a set of colors C: For
C0  C and Y  X we use the following notation: (a) firstnðC0Þ is the nth
smallest integer colored by an element from C0; (b) lastnðCÞ is the
nth greatest integer colored by an element from C; (c) firstðC0Þ ¼ first1ðC0Þ;
(d) lastðC0Þ ¼ last1ðC0Þ; and (e) firstnðC0;YÞ is the nth smallest integer in Y
colored by an element from C0; if such an integer exists, and otherwise
firstnðC0;YÞ ¼ maxðYÞ: Furthermore, a coloring, D : B ! Zm; is said to
DAVID J. GRYNKIEWICZ48reduce to monochromatic if there exists a coloring, D0 : B ! f0; 1g; such that
the set of m-element monochromatic subsets under D0 is a subset of the set of
m-element zero-sum subsets under D: Finally, let j be the function which
maps a sequence to its underlying set (e.g. jð1; 1; 2; 1; 3; 2Þ ¼ f1; 2; 3g). We
will need the following proposition for the proof of Lemma 3, which will be
used to reduce the problem of determining fzsðm; 4Þ to that of determining
f ðm; 4Þ:
Proposition 1. Let G be a finite abelian group. For A;B  G; if x; y 2 B
are distinct elements, then jAþ Bþ fxgj4jAþ ðB=fygÞ þ fx; ygj:
Proof. It is easily checked that ðAþ Bþ fxgÞ  ðAþ ðB=fygÞþ
fx; ygÞ: ]
Lemma 3. Let m52 and r5m 1 be integers, and let A be a subset of the
integers with a coloring D : A ! Zm: If there exist distinct integers x; y; z 2 A
such that either
minfx; zg  y5r or xmaxfy; zg5r;
then one of the following must be true:
ðiÞ there exists a zero-sum m-element subset B  A with diamðBÞ5r;
ðiiÞ every subset B  A with jBj5b3
2
mc contains a zero-sum m-element
subset, and m is composite,
ðiiiÞ lastðZmÞ  firstmðZmÞ5r and lastmðZmÞ  firstðZmÞ5r; and there
exists an m-element subset A0  A such that jDðA=A0Þj ¼ 1;
ðivÞ the coloring D reduces to monochromatic.
Proof. We may assume that m > 2 and that
jAj52m 1; ð1Þ
since otherwise (iv) holds trivially; and we may assume that xmaxfy; zg
5r; since the case minfx; zg  y5r follows by applying the theorem to the
induced coloring D0; where D0ðtÞ ¼ DðtþN þ 1Þ: Let m ¼ jAj  ð2m 2Þ;
let S be the sequence Dða1Þ;Dða2Þ; . . . ;Dða2m2þmÞ; where a15a25   5
a2m2þm are the elements of A; let Sy; Sz and Sx be the subsequences of S
obtained by deleting the two terms DðyÞ and DðxÞ from S; obtained by
deleting DðzÞ and DðxÞ from S; and obtained by deleting DðxÞ from S;
respectively. Note from (1) it follows that m51: If all but at most m 3 of
the terms of the sequence Sy (or Sz) are equal to a single residue class, say o;
then the coloring given by
D0ðtÞ ¼ 0 if DðtÞ ¼ o;
1 if DðtÞ=o;
(
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assume that we can apply Theorem 1 with n ¼ mþ m 2 to the sequences Sy
and Sz:
We divide the remainder of the proof into three cases: (a) for either Sy or
Sz; w.l.o.g. Sy; conclusion (ii) of Theorem 1 holds; (b) for either Sy or Sz;
w.l.o.g. Sy; conclusion (i) of Theorem 1 holds and jjðSyÞj53; (c) conclusion
(i) of Theorem 1 holds for both Sy and Sz; and jjðSyÞj42 and jjðSzÞj42:
The overall strategy is to show that conclusion (ii) of Theorem 1 yields (ii),
and that conclusion (i) of Theorem 1 yields (i) except under very restrictive
colorings, which instead imply either (iii) (case (b)) or (iv) (cases (c) and (b)).
Suppose that (c) holds. There are two subcases: ðcÞ(i) jjðSxÞj42; or ðcÞ(ii)
DðyÞ=DðzÞ and every term of Sx is equal to the same residue class, say a;
except DðyÞ and DðzÞ:
Case (c)(ii). We may assume m ¼ 3 and DðxÞ=a; since otherwise (iv)
follows easily, and since DðyÞ=DðzÞ that w.l.o.g. DðxÞ=DðyÞ: Since m > 2; it
follows from (1) that there exists v 2 A with DðvÞ ¼ a: Hence DðxÞ þ DðyÞ þ
DðvÞ ¼ 0þ 1þ 2 ¼ 0; so that the set B ¼ fx; v; yg yields (i).
Case (c)(i). Since (i) from Theorem 1 holds for Sy; and since jjðSxÞj42; it
follows from (1) that there exists an n-set partition of Sy; say A1; . . . ;
Am2;B1; . . . ;Bm; where jAij ¼ 2 for i 2 f1; . . . ;m 2g and jBij ¼ 1 for i 2
f1; . . . ; mg; and jPm2i¼1 Aij5m 1: If jPm2i¼1 Aij ¼ m; then it will be possible
to select an element, from each of the m 2 cardinality two sets Ai; whose
sum is the inverse of DðxÞ þ DðyÞ; yielding (i). So jPm2i¼1 Aij ¼ m 1; and
since gcdðm;m 1Þ ¼ 1; it follows that Pm2i¼1 Ai is aperiodic. Hence from
Kneser’s Theorem it follows that jPjþ1i¼1 Aij ¼ jPji¼1 Aij þ 1 for j 2 f1; . . . ;
m 3g: By an easy inductive argument one can show that this can only
occur if there exists a ﬁxed q 2 Zm; such that every Ai has the form
fai; ai þ qg; where ai 2 Zm: Since j
Pm2
i¼1 Aij ¼ m 1; it follows that gcdðm
; qÞ ¼ 1: Hence, since jjðSxÞj42; since Ai ¼ fai; ai þ qg for i 2 f1; . . . ;
m 2g; and since m-element zero-sum sets are invariant under translation
both by addition of an element and by multiplication of an element
relatively prime to m; we may w.l.o.g. assume that jðSyÞ ¼ f0; 1g and that
DðyÞ ¼ 0 or 1: HencePm2i¼1 Ai ¼ ðZm=f1gÞ implying that DðxÞ þ DðyÞ ¼ 1;
as (i) follows otherwise. Hence DðxÞ ¼ 0 or 1 and it follows that jðSÞ ¼
f0; 1g; yielding (iv).
Suppose that (b) holds. Since jjðSyÞj53; we can conclude that conclusion
(i) of Theorem 1 holds with n ¼ mþ m 3; yielding (i), unless the terms of
Sy are all equal to a single residue class, say o; except for at most ðm 2Þ
terms. Hence, since jjðSyÞj53; we can assume m > 3: Furthermore, we can
assume there are exactly m terms not equal to o including DðxÞ and DðyÞ; as
(iv) follows otherwise. Hence, from the arguments used in (c)(i) and from
Proposition 1, it follows that there exists a set partition of Sy; say P ¼
A1; . . . ;Am2;B1; . . . ;Bm; where jAij ¼ 2; jBij ¼ 1 and j
Pm2
i¼1 Aij ¼ m 1;
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1 and 1 occurring a combined total of m 2 times in Sy; and with DðyÞ=0
and DðxÞ=0: Let t be the residue class such that Pm2i¼1 Ai ¼ ðZm=ftgÞ: To
avoid forming a zero-sum m-element subset that includes both x and z;
yielding (i), it follows that DðxÞ ¼ t 1; t or tþ 1: To avoid forming a zero-
sum m-element subset that includes both x and y; yielding (i), it follows that
DðyÞ þ DðxÞ ¼ t: Hence, since DðyÞ=0; it follows that DðyÞ ¼ 1 or 1;
w.l.o.g. DðyÞ ¼ 1: Consequently DðxÞ ¼ t 1:
Let an be the multiplicity of 1 in Sx; and let ap be the multiplicity of 1 in
Sx: Hence t 1 ¼ an and ap þ an ¼ m 1; implying, since 1 and 1 each
occur in Sx; that
14an4m 2: ð2Þ
Since all but m terms of S are 0; it follows that either there is a v 2
ð½1; firstmðZmÞ
 \ AÞ such that DðvÞ ¼ 0; or else there are v1; v2 2 ð½1;
firstmðZmÞ
 \ AÞ such that Dðv1Þ ¼ 1 and Dðv2Þ ¼ 1: Hence, since m > 3;
if DðlastðZmÞÞ ¼ 0; 1; or 1; then the sequence ð1;1; 0; . . . ; 0|ﬄﬄﬄ{zﬄﬄﬄﬄ}m2Þ shows
that there is an m-element zero-sum set B that includes both lastðZmÞ and
one of v or v1 and v2; and if DðlastðZmÞÞ ¼ DðxÞ ¼ an; then by (2) the
sequence ðan;1; . . . ;1|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}an 0; . . . ; 0|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}man1Þ shows that there is an m-element
zero-sum set B that includes both lastðZmÞ and one of v or v1 and v2: Thus,
since diamðBÞ5lastðZmÞ  firstmðZmÞ; it follows that either (i) holds, or else
lastðZmÞ  firstmðZmÞ5r: A similar argument yields that either (i) holds or
else lastmðZmÞ  firstðZmÞ5r: If in both cases (i) does not hold, then (iii)
holds by letting A0 ¼ D1ðf1;1;DðxÞgÞ:
Suppose that (a) holds. Then m is composite, and there exists a proper
nontrivial coset aþ Zm=a; such that all but at most a 2 of the terms of Sy
are from aþ Zm=a: We will refer to those terms of S from the coset aþ Zm=a
as nonexceptions, and we will refer to all other terms as exceptions. Let S0 be
a subsequence of S with length b3
2
mc:Note that mþ m
a
þ a 24b3
2
mc follows
by considering the expression as a function in a; so that we may assume S0
has at least mþ m
a
þ a 2 terms. We will show that S0 contains an m-term
zero-sum subsequence, thus yielding (ii) and completing the proof.
From EGZ it follows that any subsequence of nonexceptions with length
mþ m
a
 1 must contain an m-term subsequence with sum zero in Zm:
Consequently, we may assume that S0 consists of all a exceptions, and
mþ m
a
 2 nonexceptions. We may also assume every residue class in S0
has multiplicity at most m 1: Hence from Theorem 1 it follows that there
exists a positive divisor b of m
a
and a set partition, P ¼ B1; . . . ;Bm
ab
; of some
subsequence of the nonexceptions contained in S0 with length 2m
ab
 1; whose
sumset is Zm=ab: If there are at least ðab 2Þmabþ ð2mab 1Þ terms of S0 not
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repeatedly applying EGZ ab 1 times, we can conclude there is an m-term
zero-sum subsequence of S0: Hence we may assume that b ¼ 1: Thus we can
apply Theorem 1 with n ¼ m m
a
to the m m
a
þ a 1 terms of S0 not in P
considered as elements from Za: If (i) from Theorem 1 holds, then there is a
set partition P0 ¼ B01; . . . ;B0mm=a; such that
Pmm=a
i¼1 faðB0iÞ ¼ Za; where fa
is the natural homomorphism onto Za: Hence, since
Pm=a
i¼1 Bi ¼ Zm=a; it
follows that
Pm=a
i¼1 Bi þ
Pmm=a
i¼1 B
0
j ¼ Zm; and S0 contains an m-term zero-
sum subsequence. If (ii) from Theorem 1 holds, then since we know there are
m m
a
 1 terms of S0 from the coset aþ Zcm=a not in P; and since m ma 
1 > ac  2; it follows that there exists a divisor cja such that all but at most
a
c
 2 terms of S0 are elements from the coset aþ Zcm=a: Hence, applying
EGZ to the terms from aþ Zcm=a; it follows that any subsequence of S0 with
length mþ m
a=c 1þ ða=c 2Þ4b32mc must contain a zero-sum m-term
subsequence, and the proof is complete. ]
Lemma 4. Let r and m52 be nonnegative integers, and let A and B be
disjoint subsets of the integers with a coloring D : ðA [ BÞ ! Zm: Suppose that
ðaÞ 04jAj4m 1; ðbÞjAj þ jBj5b32mc; and ðcÞ maxfminðBÞ maxðAÞ 
1;minðAÞ maxðBÞ  1g5r: If conclusion ðiiÞ of Lemma 3 holds for D; then
either there exists:
ðiÞ a zero-sum m-element subset, C  A [ B; with diamðCÞ5mþ r
1; or
ðiiÞ a zero-sum m-element subset C  B; with diamðBÞ5diamðCÞ5jAj þ
jBj  bm
2
c  1:
Proof. The proof is a slightly simpler version of that of Lemma 1. ]
4. THE PROOF OF fzsðm; 4Þ ¼ f ðm; 4Þ
For the sake of simplicity, a coloring D : ½1;N
 ! C will be denoted
by the string Dð1ÞDð2ÞDð3Þ . . .DðNÞ; and xi will be used to denote the
string xx    x of length i: For positive integers m; r and k; deﬁne
f 0ðm; rÞ to be (deﬁne f 0zsðm; 2kþ sÞ; where s ¼ 0 or 1; to be) the least
integer N such that for every coloring of ½1;N
 with r colors (with
the elements from Z1m [8    [8 Zkm; and if s ¼ 1; by an additional color
class 1), either (i) there exists a monochromatic (zero-sum in Zjm for
some j 2 ½1; k
 or monochromatic in 1) m-element subset B  ½1;N
 with
diamðBÞ5rðm 1Þ; or else (ii) there exists a solution to f ðm; rÞ (to fzsðm; rÞ).
Any pair of subsets B1 and B2 which satisfy (ii), or any subset B which
satisﬁes (i), will be called a solution to f 0ðm; rÞ (will be called a solution to
DAVID J. GRYNKIEWICZ52f 0zsðm; rÞ). The following theorem establishes the relationship between
f ðm; rÞ and f 0ðm; rÞ:
Theorem 2. Let m and r52 be positive integers. Then f ðm; rÞ ¼ f 0ðm; rÞ
þ rðm 1Þ þ 1:
Proof. The theorem is trivial for m ¼ 1; and so we assume m > 1: First
we show f ðm; rÞ4f 0ðm; rÞ þ rðm 1Þ þ 1: Let D : ½1; f 0ðm; rÞ þ rðm 1Þ þ
1
 ! f1; . . . ; rg be a coloring. From the pigeonhole principle it follows that
there must be an m-element monochromatic set C  ½1; rðm 1Þ þ 1
 with
diamðCÞ4rðm 1Þ: Hence, since there are f 0ðm; rÞ integers in the interval
½rðm 1Þ þ 2; f 0ðm; rÞ þ rðm 1Þ þ 1
; it follows from the deﬁnition of
f 0ðm; rÞ that there is a solution to f ðm; rÞ: So f ðm; rÞ4f 0ðm; rÞþrðm 1Þ þ 1:
Next we show that f ðm; rÞ5f 0ðm; rÞ þ rðm 1Þ þ 1: We construct a
coloring
D : ½1; f 0ðm; rÞ þ rðm 1Þ
 ! f1; . . . ; rg;
which avoids any solution to f ðm; rÞ as follows. Let D restricted to
½rðm 1Þ þ 2; f 0ðm; rÞ þ rðm 1Þ
 be a coloring that avoids any solution
to f 0ðm; rÞ: Since it is easily seen that B  ½1; f 0ðm; rÞ þ rðm 1Þ
; where
B ¼ ½rðm 1Þ þ 2; 2rðm 1Þ þ 1
; deﬁne A to be
A ¼ ft j DðtÞ ¼ c and t4first0m1ðc;BÞ; c 2 f1; . . . ; rgg;
deﬁne A0  ½2; rðm 1Þ þ 1
 to be the set obtained by subtracting rðm 1Þ
from each element in A; and for each x 2 A0; deﬁne DðxÞ to be Dðxþ rðm
1ÞÞ: From the deﬁnition of A0; A and DðA0Þ; it follows that jD1ðcÞ \
A0j4m 1 for c 2 f1; . . . ; rg: Hence it follows that we can deﬁne D over
½2; rðm 1Þ þ 1
=A0 so that jD1ðcÞ \ ½2; rðm 1Þ þ 1
j4m 1 for every
c 2 f1; . . . ; rg: Finally, deﬁne Dð1Þ to be Dðrðm 1Þ þ 1Þ; completing the
deﬁnition of D: Next we show that D avoids any solution to f ðm; rÞ:
Suppose that the subsets B15pB2 are a solution to f ðm; rÞ: Observe that
from the deﬁnition of D; it follows that
minðB1Þ 2 ½1; rðm 1Þ þ 1
; ð3Þ
and that the only monochromatic m-element subset, C; contained in
½1; rðm 1Þ þ 1
; is such that maxðCÞ ¼ rðm 1Þ þ 1 and minðCÞ ¼ 1;
implying
B2  ½rðm 1Þ þ 2; f 0ðm; rÞ þ rðm 1Þ
; ð4Þ
and that if D  ½rðm 1Þ þ 2; f 0ðm; rÞ þ rðm 1Þ
 is an m-element subset,
then diamðDÞ5rðm 1Þ; implying with (4) that
diamðB1Þ5rðm 1Þ: ð5Þ
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subset such that F \ ½1; rðm 1Þ þ 1
=|; then diamðFÞ5rðm 1Þ; contra-
dicting (3) and (5). ]
Lemma 5. Let m and r52 be positive integers. If f 0zsðm; rÞ ¼ f 0ðm; rÞ; then
fzsðm; rÞ ¼ f ðm; rÞ:
Proof. The theorem is trivial for m ¼ 1: The inequality f ðm; rÞ4fzsðm; rÞ
follows easily from the fact that any coloring D : A ! Zm such that DðAÞ 
f0; 1g has every zero-sum m-element subset also being a monochromatic
m-element subset. Hence from Theorem 2 it sufﬁces to show fzsðm; rÞ4
f 0zsðm; rÞ þ rðm 1Þ þ 1: However, this inequality follows from EGZ and the
upper bound argument from the proof of Theorem 2. ]
Theorem 3. Let m be a positive integer. Then fzsðm; 4Þ ¼ f ðm; 4Þ:
Proof. The theorem is trivial for m ¼ 1; and so we assume m > 1: From
Lemma 5 we note that it sufﬁces to show f 0zsðm; 4Þ ¼ f 0ðm; 4Þ: The coloring
D : ½1; 8m 7
 ! f0; 1; 2; 3g given by the string [3]
0m11m12m10m11m12m132m1
shows that f 0ðm; 4Þ58m 6: Thus f 0ðm; 4Þ ¼ 8m 6þ x; for some x50:
Let D : ½1; 8m 6
 ! Z1m [8 Z2m be a coloring. We will show that one of the
following must hold:
ðiÞ there exists a zero-sum m-element subset B  ½1; 8m 6
 with
diamðBÞ54m 4;
ðiiÞ there exist zero-sum m-element subsets B1;B2  ½1; 8m 6
 with
B15pB2 and diamðB1Þ4diamðB2Þ;
ðiiiÞ D restricted to D1ðZimÞ reduces to monochromatic for i ¼ 1; 2:
Once we have shown the above statement, which we shall refer to as
statement one, the equality f 0zsðm; 4Þ ¼ f 0ðm; 4Þ; and consequently fzsðm; rÞ ¼
f ðm; rÞ; is obtained by applying statement one to the intervals
½1; 8m 6
; ½2; 8m 6þ 1
; . . . ; ½xþ 1; 8m 6þ x
; yielding either 8m 8
consecutive integers colored by the same residue class, which gives (ii), or
yielding that the coloring of ½1; 8m 6þ x
 reduces to monochromatic,
which, since there are f 0ðm; 4Þ integers, gives either (i) or (ii).
We now begin the proof of statement one. For the sake of clarity,
the proof is presented as a series of 7 steps. Assume neither (i) nor (ii)
hold for D: We may w.l.o.g. assume that ½1; 2m 1
 has at least m
integers colored by elements from Z1m: Let a
04m 1 be the number
of integers in ½1; 2m 1
 colored by elements from Z2m: Let a4a0 be the
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Hence ½1;mþ a
 contains m integers colored by elements from Z1m and a
integers colored by elements from Z2m; and mþ a ¼ firstmðZ1mÞ: Finally, let
b ¼ jD1ðZ1mÞ \ ½4m 3þ a; 8m 6
j:
Step 1. a0=0:
Assume a0 ¼ 0:
Step 1.1. jD1ðZ1mÞ \ ½4m 2; 8m 6
j4m 2:
If Step 1.1 is false, then we can apply Lemma 1 with r ¼ 3m 3 by letting
A be m 1 integers colored by elements from Z1m in ½4m 2; 8m 6
; and
letting B ¼ ½1;m
 (since a0 ¼ 0Þ; yielding either (i), or that there exists a
zero-sum m-element set F  ½1;m
 with diamðFÞ ¼ m 1: In the latter
case, taking any zero-sum m-element set in ½mþ 1; 8m 6
 for B2; which
EGZ assures us will exist, and letting B1 ¼ F ; yields (ii). So jD1ðZ1mÞ\
½4m 2; 8m 6
j4m 2:
Step 1.2. There exists u4m 2; such that u ¼ jD1ðZ1mÞ\
½5m 3 u; 8m 6
j:
Let u be the number of integers colored by elements from Z2m greater than
last3m2ðZ1mÞ: Since jD1ðZ2mÞ \ ½4m 2; 8m 6
j4m 2 (Step 1.1), it
follows that last3m2ðZ1mÞ 2 ½4m 2; 8m 6
; that u4m 2; and that
there are exactly u integers colored by elements from Z1m in the interval
½5m 3 u; 8m 6
:
Step 1.3. There exists a zero-sum m-element set D1  ½5m 3 u;
8m 6
 with diamðD1Þ52m 2 u:
Applying Lemma 2 with r ¼ m 2 u to the 3m 2 integers colored by
elements from Z2m in ½5m 3 u; 8m 6
 (Step 1.2), it follows that either
(ii) holds, or that there exists a zero-sum m-element set D1 
½5m 3 u; 8m 6
 with diamðD1Þ52m 2 u:
Step 1.4. u > 0:
If u ¼ 0; then since a0 ¼ 0; it follows from EGZ that there exists a zero-
sum m-element subset F  ½1; 2m 1
 with diamðFÞ42m 2; and then D1
(Step 1.3) and F satisfy (ii). So u > 0:
Step 1.5. There exists a zero-sum m-element set C1  ½1; 2m 1 u

with diamðC1Þ42m 2 u:
Since u > 0 (Step 1.4), we can apply Lemma 1 with r ¼ 3m 3 by
letting A be the u integers colored by elements from Z1m in the interval
½5m 3 u; 8m 6
 (Step 1.2) and letting B ¼ ½1; 2m 1 u
 (since a0 ¼ 0),
yielding either (i), or that there exists a zero-sum m-element set C1 
½1; 2m 1 u
 with diamðC1Þ42m 2 u:
Step 1.6. Contradiction.
If we let B1 ¼ C1 (Step 1.5) and B2 ¼ D1 (Step 1.3), then (ii) holds. So
a0=0:
Step 2. There exist distinct x; y; z 2 D1ðZ2mÞ such that minfx; zg 
y54m 4:
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x; y; z 2 D1ðZ2mÞ do not exist, then it follows that j½6m 5; 8m 6
 \ D1
ðZ2mÞj41: In this case, we can apply Lemma 1 with r ¼ 4m 5 by letting A
be m 1 integers colored by elements from Z1m in ½1; 2m 1
 and letting B be
2m 1 integers colored by elements from Z1m in ½6m 5; 8m 6
 yielding
either (i), or that there exists a zero-sum m-element subset T  ½6m
5; 8m 6
 with diamðTÞ52m 2: We can also apply Lemma 1 with r ¼
4m 5 by letting A be m integers colored by elements from Z1m in ½1; 2m 1

and letting B be m 1 integers colored by elements from Z1m in
½6m 5; 8m 6
 yielding either (i), or that there exists a zero-sum
m-element subset F  ½1; 2m 1
 with diamðFÞ42m 2: Then F and T
yield (ii). So such x; y; z 2 D1ðZ2mÞ exist.
Step 3. lastmðZ2mÞ  firstðZ2mÞ54m 4:
Since from their deﬁnitions a05a; it follows from Step 1 that firstðZ2mÞ4
2m a: Suppose that lastmðZ2mÞ  firstðZ2mÞ54m 4: Hence, since first
ðZ2mÞ42m a; it follows that j½6m 4 a; 8m 6
 \ D1ðZ1mÞj5mþ a;
since otherwise the proof of Step 3 is complete. In this case, we can apply
Lemma 1 with r ¼ 5m 2a 5 by letting A be m 1 integers colored
by elements from Z1m in ½1;mþ a
 and letting B be mþ a integers colored by
elements from Z1m in ½6m 4 a; 8m 6
 yielding, since from its
deﬁnition a4m 1; that either (i) holds, or that there exists a zero-sum
m-element subset T  ½6m 4 a; 8m 6
 with diamðTÞ5mþ a 1: We
can also apply Lemma 1 with r ¼ 5m 2a 5 by letting A be m
integers colored by elements from Z1m in ½1;mþ a
 and letting B be m 1
integers colored by elements from Z1m in ½6m 4 a; 8m 6
 yielding
either (i), or that there exists a zero-sum m-element subset F  ½1;mþ a

with diamðFÞ4mþ a 1: However, then F and T yield (ii). So lastmðZ2mÞ 
firstðZ2mÞ54m 4:
Step 4. D restricted to D1ðZ2mÞ reduces to monochromatic.
From Step 2 it follows that we can apply Lemma 3 to D1ðZ2mÞ with
r ¼ 4m 4: If (i) from Lemma 3 occurs, this yields (i), a contradiction. If
(iii) from Lemma 3 occurs, this contradicts Step 3. Thus it sufﬁces to show
that (ii) from Lemma 3 cannot occur. Assume by contradiction that
m > 3; and that every subset B  D1ðZ2mÞ with jBj5b32mc contains an m-
element zero-sum subset.
Step 4.1. b4m 1; and there exists a zero-sum m-element set D2 
½4m 3þ a; 8m 6
 with diamðD2Þ5d2 12me  2:
Suppose b5m: Then we can apply Lemma 1 with r ¼ 3m 3 by letting B
be the m integers colored by elements from Z1m in ½1;mþ a
 and letting A be
the m 1 integers colored by elements from Z1m in ½4m 2þ a; 8m 6
;
yielding either (i), or that there exists an m-element zero-sum set
F  ½1;mþ a
 with diamðFÞ4mþ a 142m 2:
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by letting B be 2m 1 integers colored by elements from Z1m in ½4m 3þ
a; 8m 6
; and letting A be the m 1 integers colored by elements from Z1m
in ½1;mþ a 1
; yielding either (i), or that there exists an m-element zero-
sum set T  ½4m 3þ a; 8m 6
 with diamðTÞ52m 2: Then T and F
satisfy (ii). So b42m 2:
Since b42m 2; it follows that we can apply Lemma 4 with r ¼ 3m 3
by letting B be the 4m 2 a b integers colored by elements from Z2m in
½4m 3þ a; 8m 6
; and letting A be the a integers colored by elements
from Z2m in ½1;mþ a 1
; yielding either (i), or that there exists an
m-element zero-sum set D2  ½4m 3þ a; 8m 6
 with
diamðD2Þ5 3 1
2
m
 
 3 b:
Since b42m 2; it follows that D2 and F satisfy (ii), provided a4dm2e: So
a5dm
2
e þ 1: Thus, we can apply Lemma 4 with r ¼ 3m 3 by letting A
be dm
2
e þ 15m (since m > 3) integers colored by elements from Z2m in
½1;mþ a 1
 and letting B be m 1 integers colored by elements from Z2m in
½4m 3þ a; 8m 6
; yielding, since jBj5m; that (i) holds. So b4m 1; and
consequently diamðD2Þ5d212me  2:
Step 4.2. jD1ðZ2mÞ \ ½1; b212mc  1
j4bm2c:
Suppose jD1ðZ2mÞ \ ½1; b212mc  1
j5bm2c þ 1: Then we can apply Lemma
4 with r ¼ d312me  4 by letting B be bm2c þ 15m (since m > 3) integers
colored by elements from Z2m in ½1; b212mc  1
 and letting A be m 1
integers colored by elements from Z2m in ½6m 4; 8m 6
 (Step 4.1),
yielding, since jBj5m; that (i) holds, a contradiction.
Step 4.3. Contradiction.
From Step 4.2, it follows that jD1ðZ1mÞ \ ½1; b212mc  1
j52m 1: Hence,
from EGZ it follows that there exists an m-element zero-sum set F 
½1; b21
2
mc  1
 with diamðFÞ4b21
2
mc  2: Then F and D2 (Step 4.1) satisfy
(ii), a contradiction. So D restricted to D1ðZ2mÞ must reduce to monochro-
matic.
Step 5. There exist distinct x; y; z 2 D1ðZ1mÞ such that xmaxfy; zg5
4m 4:
Suppose such x; y; z 2 D1ðZ1mÞ do not exist.
Step 5.1. There exists a zero-sum m-element set D3  ½4mþ a 2;
8m 6
 with diamðD3Þ53m 3:
From the deﬁnition of a; it follows that j½1; aþ 2
 \ D1ðZ1mÞj52: Hence
since we have assumed that such x; y; z 2 D1ðZ1mÞ do not exist, it follows
that j½4mþ a 2; 8m 6
 \ D1ðZ1mÞj ¼ 0:
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 \ D1ðZmÞj ¼ 0; it
follows that we can apply Lemma 1 with r ¼ 3m 3 by letting A be the a
integers colored by elements from Z2m in ½1;mþ a
 and letting B be the
4m a 3 integers colored by elements from Z2m in ½4mþ a 2; 8m 6
;
yielding either (i), or that there exists a zero-sum m-element subset
T  ½4mþ a 2; 8m 6
 with diamðTÞ53m 3; and the proof of Step
5.1 is complete. So a ¼ 0:
Let P ¼ ½4m 2; 5m 3
 and Q ¼ ½7m 5; 8m 6
: Since DðP [QÞ 
Z2m; it follows from EGZ that there exists a zero-sum m-element set
D3  ½4m 2; 5m 4
 [Q: If D3 \ ½4m 2; 5m 4
=| and D3 \Q=|;
then diamðD3Þ53m 3; and the proof of Step 5.1 is complete. Otherwise,
Q ¼ D3 is a zero-sum m-element set with diamðQÞ ¼ m 1: Repeating the
argument for the set P [ ½4m 1; 8m 6
 either yields that there exists a
zero-sum m-element set D3  P [ ½4m 1; 8m 6
 with diamðD2Þ53m 3;
in which case the proof of Step 5.1 is complete, or else that P is a zero m-
element set with diamðPÞ ¼ m 1: However, if both P and Q are zero-sum,
then (ii) follows, a contradiction.
Step 5.2. Contradiction.
Since we have assumed that such x; y; z 2 D1ðZ1mÞ do not exist, it follows,
as noted in the proof of Step 5.1, that j½4mþ a 2; 8m 6
 \ D1ðZ1mÞj ¼ 0:
From EGZ it follows that j½1; 3m 2
 \ D1ðZ1mÞj52m 1; since otherwise
there exists a zero-sum m-element set F  ½1; 3m 2
 with diamðFÞ43m
3; and then F and D3 (from Step 5.1) satisfy (ii). Since j½1; 3m 2
 \
D1ðZ1mÞj52m 1; and since j½4mþ a 2; 8m 6
 \ D1ðZ1mÞj ¼ 0; it fol-
lows that we can apply Lemma 1 with r ¼ 4m 3 by letting A ¼
½7m 4; 8m 6
 and letting B be m integers colored by elements from
Z2m in ½1; 3m 2
; yielding either (i), or that there exists a zero-sum
m-element set F  ½1; 3m 2
 with diamðFÞ43m 3; and then F and
D3 (from Step 5.1) satisfy (ii), a contradiction. So such x; y; z 2 D1ðZ1mÞ
must exist.
Step 6. Either lastðZ1mÞ  firstmðZ1mÞ54m 4; or else there does not
exist an m-element subset A  D1ðZ1mÞ such that jDðD1ðZ1mÞ=AÞj ¼ 1:
Assume the contrary. From the deﬁnition of a; it follows that firstm
ðZ1mÞ ¼ mþ a42m 1: Hence, since we have assumed that lastðZ1mÞ 
firstmðZ1mÞ54m 4; it follows that j½6m 5; 8m 6
 \ D1ðZ1mÞj ¼ 0: By
Step 4 we may assume that DðD1ðZ2mÞÞ  f0; 1g: From Step 1, it follows
that there exists an integer x0 2 ½1; 2m 1
 such that Dðx0Þ 2 Z2m: Since
j½6m 5; 8m 6
 \ D1ðZ1mÞj ¼ 0; it follows that if jDð½6m 5; 8m 6
Þj ¼
1; then ½6m 5; 7m 6
 and ½7m 5; 8m 6
 satisfy (ii). So
jDð½6m 5; 8m 6
Þj ¼ 2; implying since jDðD1ðZ2mÞÞj42 that there exists
a y0 2 ½6m 5; 8m 6
 such that Dðy0Þ ¼ Dðx0Þ: Hence there are at most
m 1 integers colored by Dðx0Þ; as otherwise there will exist a zero-sum
m-element set which includes x0 and y0; yielding (i). However, since there are
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and since we have assumed that there exists an m-element subset A 
D1ðZ1mÞ such that jDðD1ðZ1mÞ=AÞj ¼ 1; it follows that there are two residue
classes in D1ð½1; 8m 6
Þ; say z and z0; such that jD1ðfz; z0gÞj5ð8m
6Þ m ðm 1Þ ¼ 6m 5: Thus from the pigeonhole principle, for either z
or z0; w.l.o.g. z; it follows that D1ðzÞ53m 2: Let B1 be the ﬁrst m integers
of D1ðzÞ and let B2 be the next m 1 integers of D1ðzÞ along with lastðzÞ:
We can assume that lastðzÞ  firstðzÞ44m 5; since otherwise there is a
monochromatic in z; and thus zero-sum, subset T with diamðTÞ54m 4;
yielding (i). Since lastðzÞ  firstðzÞ44m 5; and since D1ðzÞ53m 2; it
follows that j½firstðzÞ; lastðzÞ
=ðD1ðzÞÞj4m 2: Hence, it follows that diam
ðB1Þ4mþ ðm 2Þ  1 ¼ 2m 3: Moreover, since jD1ð1Þj53m 2; it
follows that diamðB2Þ5ð3m 2Þ m 1 ¼ 2m 3: Thus the sets B1 and
B2 satisfy (ii), a contradiction.
Step 7. D restricted to D1ðZ1mÞ reduces to monochromatic.
From Step 5 it follows that we can apply Lemma 3 to D1ðZ1mÞ with
r ¼ 4m 4: If (i) from Lemma 3 occurs, this yields (i), a contradiction. If
(iii) from Lemma 3 occurs, this contradicts Step 6. Thus it sufﬁces to show
that (ii) from Lemma 3 cannot occur. Assume by contradiction that m > 3;
and that every subset B  D1ðZ1mÞ with jBj5b32mc contains an m-element
zero-sum subset. By Step 4, the proof of statement one, and consequently
the proof of Theorem 3, will be complete once we ﬁnish the proof of Step 7.
Step 7.1. b4bm
2
c:
If b5bm
2
c þ 1; then we can apply Lemma 4 with r ¼ 3m 3 by letting A
be m 1 integers colored by elements from Z1m in ½1;mþ a 1
 and letting B
be bm
2
c þ 1 integers colored by elements from Z1m in ½4mþ a 3; 8m 6
;
yielding, since jBj5m; that (i) holds, a contradiction.
Step 7.2. There exists a zero-sum m-element subset C2  ½1; b2 12mc  1

with diamðC2Þ4b2 12mc  2:
If there are at least m integers colored by elements from Z2m in
½1; b2 1
2
mc  1
; then we can apply Lemma 1 with r ¼ d3 1
2
me  3 by letting
B be m integers colored by elements from Z2m in ½1; 2 12m
  1
 and letting A
be m 1 integers colored by elements from Z2m in ½6m 3; 8m 6
 (Step
7.1), yielding either (i), or that there exists a zero-sum m-element subset
C2  ½1; b2 12mc  1
 with diamðC2Þ4b212mc  2: If there are at most
m 1 integers colored by elements from Z2m in ½1; b212mc  1
; then there
are at least b3
2
mc integers colored by elements from Z1m; and by the
assumption of Step 7 there will still be a zero-sum m-element subset C2 
½1; b21
2
mc  1
 with diamðC2Þ4b212mc  2:
Step 7.3. a ¼ 0:
Assume that a=0: Hence by Step 7.1 we can apply Lemma 1 with
r ¼ 3m 3; by letting A be the a > 0 integers colored by elements from
Z2m in ½1;mþ a 1
; and letting B be 4m 2 a m2
 
integers colored by
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; yielding either (i), or that there
exists a zero-sum m-element subset T  ½4m 3þ a; 8m 6
 with diamðTÞ
5 2 12m
  2: Then T and C2 (from Step 7.3) satisfy (ii). So a ¼ 0:
Step 7.4. There exists a m4bm
2
c; such that m ¼ jD1ðZ1mÞ \ ½4m 3;
5mþ m 3
j; and Dð5mþ m 3Þ 2 Z2m:
Let m be the number of integers colored by elements from Z1m less than
the ðmþ 1Þth integer colored by an element from Z2m in ½4m 3; 8m 6
;
which exists by Steps 7.1 and 7.3. Hence, since b4bm
2
c (Step 7.1), and since
a ¼ 0 (Step 7.3), it follows that j½4m 3; 5mþ m 3
 \ D1ðZ1mÞj ¼ m; that
m4b4bm
2
c; and that Dð5mþ m 3Þ 2 Z2m:
Step 7.5. There exists a zero-sum m-element subset C3  ½4m 3;
5mþ m 4
 with diamðC3Þ4mþ m 1:
Note from Steps 7.3 and 7.1, and from the deﬁnitions of m (Step 7.4) and
b; that it follows that: jD1ðZ2mÞ \ ½b612mc þ m 4; 8m 6
j5ð8m 6Þðb61
2
mc þ m 4Þ þ 1  ðb  mÞ ¼ d3
2
me  b 15d3
2
me  bm
2
c  15m 1:
Thus, we can apply Lemma 1 with r ¼ b3
2
mc  1 by letting B be m
integers colored by elements from Z2m in ½4m 3; 5mþ m 4
 (Step 7.4)
and letting A be m 1 integers colored by elements from Z2m in
½b612mc þ m 4; 8m 6
; yielding that either there exists a zero-sum
m-element subset T  ½4m 3; 8m 6
 with diamðTÞ5b21
2
mc  2; and then
T and C2 (Step 7.2) satisfy (ii), a contradiction, or that there exists a
zero-sum m-element subset C3  ½4m 3; 5mþ m 4
 with diamðC3Þ4mþ
m 1:
Step 7.6. Contradiction.
Since Dð5mþ m 3Þ 2 Z2m (Step 7.4), it follows from the deﬁnitions of m
(Step 7.4) and b that
j½5mþ m 3; 8m 6
 \ D1ðZ2mÞj
5ð8m 6Þ  ð5mþ m 3Þ þ 1 ðb mÞ ¼ 3m 2 b:
From Step 1, it follows that j½1; 2m 1
 \ D1ðZ2mÞj > 0: Hence, since
j½5mþ m 3; 8m 6
 \ D1ðZ2mÞj53m 2 b; it follows from Step 7.1 that
we can apply Lemma 1 with r ¼ 3m 3þ m by letting A be an integer
colored by an element from Z2m in ½1; 2m 1
 and letting B be 3m 2 b
integers colored by elements from Z2m in ½5mþ m 3; 8m 6
; yielding either
that (i) holds, or that there exists a zero-sum m-element subset
T  ½5mþ m 3; 8m 6
 with diamðTÞ52m 1 b: Since b4bm2c
(Step 7.1) and since m4bm
2
c (Step 7.4), it follows that diamðC3Þ4diamðTÞ:
Thus T and C3 (Step 7.5) satisfy (ii), our ﬁnal contradiction. ]
Remark. It follows from a theorem of Gao [10, Theorem 2], and from a
theorem of Olson and White [15], that any sequence of b3
2
mc elements from a
noncyclic, ﬁnite abelian group of order m must contain an m-term
DAVID J. GRYNKIEWICZ60subsequence with sum zero. Hence, our proof also gives upper bounds when
coloring with elements from noncyclic abelian groups of order m:
ACKNOWLEDGMENTS
I thank Arie Bialostocki, for introducing me to the problem, and my Thesis advisor Peter
Wong, for his encouragement. I am also very grateful to the referee for their suggestions
concerning the presentation of this paper.
REFERENCES
1. N. Alon and J. Spencer, Ascending waves, J. Combin. Theory Ser. A 52 (1989), 2752287.
2. A. Bialostocki, G. Bialostocki, Y. Caro, and R. Yuster, Zero-sum ascending waves,
J. Combin. Math. Combin. Comput. 32 (2000), 1032114.
3. A. Bialostocki, P. Erd +os, and H. Lefmann, Monochromatic and zero-sum sets of
nondecreasing diameter, Discrete Math. 137 (1995), 19234.
4. B. Bollob!as, P. Erd +os, and G. Jin, Strictly ascending pairs and waves, ‘‘Graph Theory,
Combinatorics, and Algorithms,’’ Vols. 1, 2, pp. 83295, Wiley2Interscience Publication,
Wiley, New York, 1995.
5. T. C. Brown, P. Erd +os, and A. R. Freedman, Quasi-progressions and descending waves,
J. Combin. Theory Ser. A 53 (1990), 81295.
6. Y. Caro and R. Yuster, The characterization of zero-sum ðmod 2Þ bipartite Ramsey
numbers, J. Graph Theory 29 (1998), 1512166.
7. Y. Caro, Zero-sum problems}a survey, Discrete Math. 152 (1996), 932113.
8. P. Erd +os, A. Ginzburg, and A. Ziv, Theorem in additive number theory, Bull. Res. Council
Israel 10F (1961), 41243.
9. Z. F .uredi and D. J. Kleitman, On zero-trees, J. Graph Theory 16 (1992), 1072120.
10. W. D. Gao, A combinatorial problem on ﬁnite abelian groups, J. Number Theory 58 (1996),
1002103.
11. D. Grynkiewicz, On a partition analog of the Cauchy2Davenport Theorem, preprint.
12. D. Grynkiewicz, On four color monochromatic sets with nondecreasing diameter, preprint.
13. M. Kneser, Ein satz .uber abelsche gruppen mit anwendungen auf die geometrie der zahlen,
Math. Z. 64 (1955), 4292434.
14. M. B. Nathanson, ‘‘Additive Number Theory. Inverse Problems and the Geometry of
Sumsets,’’ Graduate Texts in Mathematics, Vol. 165, Springer-Verlag, New York, 1996.
15. J. E. Olson and E. T. White, Sums from a sequence of group elements, in ‘‘Number Theory
and Algebra,’’ (Hans Zassenhaus, Ed.), pp. 2152222, Academic Press, New York/San
Francisco/London, 1977.
16. A. Schrijver and P. D. Seymour, A simpler proof and a generalization of the zero-trees
theorem, J. Combin. Theory Ser. A 58 (1991), 3012305.
